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Executive summary
This report presents accessibility analysis for planning applications: it walks readers through the
components of accessibility analysis as well as its potential uses when planning for equity.

The first part explores how travel behaviour enters accessibility measures through the
impedance function, the implications of travel behaviour assumptions and how analysts may
select parameters for these assumptions.

In the second part, two types of accessibility measures, unconstrained and constrained, are
defined and presented in an empirical example. The distinction in the interpretation between the
output from both types of measures are clearly described.

How to center equity and justice conceptualizations in accessibility analysis will be explored in
subsequent reports.
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Part I: Impedance functions
Accessibility has many definitions. Within the context of transportation planning literature and
practice, it is often a location-based measure of potential interaction. Specifically, accessibility
quantifies the potential a “population” has to reach “opportunities” in a given region based on
their means of transportation. Reaching an opportunity is the pre-requisite to interaction.

The “population” are people or activities at some origin in space and time: they can be individuals
employed at a type of job, children of a certain age group or other characteristic, or simply all
people or some other type of opportunity-seeking activity (like a business) that reside at some
origin. The “opportunities” are the type of destinations that the “population” interacts with, and
the definition of its selection is as critical and numerous as the selection of “population”. Further,
modes (e.g., walking, transit), time of travel, quality of route taken, and quality of “opportunities”
are among many factors that can be considered within accessibility measures.

The output from accessibility measures are typically a value or scaled score that is assigned to
each spatial unit (e.g., a census tract, neighbourhood boundary, parcel, etc.). This output provides
a snapshot of the relationship between land-use and transportation in the region: areas with high
scores are relatively well-connected and are in proximity to plenty of opportunities. The opposite
is true for areas with low accessibility. Accessibility analysis can be used by planners to identify
priority areas for transportation and improvements in “opportunities”.

This section explores how travel behaviour enters accessibility measures through the impedance
function, the implications of travel behaviour assumptions and how one may select parameters
for these assumptions.

COUNTING OPPORTUNITIES BASED ON TRAVEL BEHAVIOUR ASSUMPTIONS

Many accessibility measures derive from the work of (Hansen 1959) represented in (Equation 1):

𝑆𝑖 =
𝐽

∑
𝑗=1

𝑂𝑗 ⋅ 𝑓(𝑐𝑖𝑗) (1)

The accessibility score 𝑆𝑖 at each origin 𝑖 is a weighted sum of the number of opportunities 𝑂 at
destinations 𝑗, where 𝑖 and 𝑗 are a set of spatial units in a region. The weights in this summation
are a function of the cost of travel 𝑓(𝑐𝑖𝑗), sometimes called a distance-decay function. 𝑓(𝑐𝑖𝑗)
reflects how the potential for interaction changes with the cost of travel 𝑐𝑖𝑗 between spatial units
𝑖 and 𝑗, that is the origin and destination of a potential trip.

The cost 𝑐𝑖𝑗 can be distance, time, financial cost, or a combination of several factors. Since
distance is not always the unit of travel cost, 𝑓(𝑐𝑖𝑗) is also known more generally as an
impedance function since the function models the impedance of travel. Generally, 𝑓(𝑐𝑖𝑗)
declines with growing travel cost (the impedance is greater), and so opportunities 𝑂𝑗 at
destinations that are less costly to reach are more heavily weighted in the summation that yields
𝐴𝑖. Conversely, opportunities 𝑂𝑗 that are costly to reach (i.e., they are far away in terms of
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travel cost) have values of 𝑓(𝑐𝑖𝑗) that are close to or equal to zero, so a negligible amount of
𝑂𝑗 enters the summation.

In short, the impedance function 𝑓(𝑐𝑖𝑗) allows the accessibility analyst to precisely define a
measure of travel behavior: the relationship between the “population” at an origin and where they
usually, want, or can go to reach “opportunities” at destinations.

From this perspective, the definition of the impedance function 𝑓(𝑐𝑖𝑗) is incredibly important.
Going over commonly defined impedance functions 𝑓(•) in accessibility research and their
impact on opportunity-counting (the summation of opportunities) at specific travel costs 𝑐𝑖𝑗,
namely:

• Binary (Equation 2)
• Uniform distribution (Equation 3)
• Exponential distribution (Equation 4)
• Gamma distribution (Equation 5)

The binary function (Equation 2) forms the basis of the cumulative opportunities measure
approach (discussed in Part II). The binary function is binary because it returns only two values,
typically either 1 and 0. If the opportunity is reachable from 𝑖 to 𝑗 within some sort of travel cost
threshold 𝑇 , it returns a 1 for that trip. Conversely, it returns 0 if the travel cost is above a certain
threshold 𝑇 , meaning the opportunity exceeds the cost that people are willing to travel to reach
it.

𝑓(𝑐𝑖𝑗)𝑏𝑖𝑛𝑎𝑟𝑦 = {1 if 𝑐𝑖𝑗 ≤ T
0 otherwise

(2)

Threshold 𝑇 should reflect the observed or assumed travel behavior for the situation of interest.
For instance, assume the travel cost is in the units of car travel minutes. If the analyst only wants
to count the opportunities that a population in a region can access within a 0 to 15 minute range,
then the threshold 𝑇 should be 15. This means that only those opportunities that can be reached
within 15 minutes from any given spatial unit will be counted and all other opportunities beyond
15 minutes are assigned a 0.

The impedance function 𝑓(𝑐𝑖𝑗) can take other forms, such as the commonly used probability
density functions (PDF): 𝑓(𝑐𝑖𝑗) values can be interpreted as the probability density of a trip
occurring for each value of travel cost 𝑐𝑖𝑗. If probability density values are plotted on the y-axis
for each travel cost along the x-axis, the probability of a trip occurring between a certain range
of 𝑐𝑖𝑗 is the area under the curve. Important to note is that the area under a PDF always sums to
1, i.e., 100% probability that the trip between the minimum and maximum 𝑐𝑖𝑗 will occur.

The uniform distribution PDF looks very similar to the binary function, as it only returns one of
two values. However, it also has the property of PDFs - the area under the curve for the range
of 𝑐𝑖𝑗 is always 1. The general form for the uniform distribution PDF is shown in (Equation 3).
The parameters that the analyst chooses are 𝑇𝑚𝑎𝑥 and 𝑇𝑚𝑖𝑛 : these represent the maximum
and minimum travel costs (i.e., the range) that describe the observed or assumed willingness
to reach destinations. If the trip is of a travel cost that is within this range, it returns a value of
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1
𝑇𝑚𝑎𝑥−𝑇𝑚𝑖𝑛

. Outside of this range, the function returns a 0, so we are assuming the potential of
the population to interact with those opportunities is zero.

𝑓(𝑐𝑖𝑗)𝑢𝑛𝑖𝑓𝑜𝑟𝑚 = {
1

𝑇𝑚𝑎𝑥−𝑇𝑚𝑖𝑛
for 𝑇𝑚𝑖𝑛 ≤ 𝑐𝑖𝑗 ≤ 𝑇𝑚𝑎𝑥

0 otherwise
(3)

However, analysts using a binary threshold must ask themselves: is it true that populations only
travel to opportunities within a 15 minute travel? Is this 15 minute cut-off a fair assumption to
make about their travel behaviour? Maybe it’s more accurate to assume that the probability of
a trip does not strictly drop to zero beyond 15 minutes. In this case, it would be worth while
considering other distributions.

Other types of functions are the exponential distribution and the gamma distribution. The
theoretical form of these two PDFs are shown in (Equation 4) and (Equation 5). The analyst must
select parameters for these functions represented by 𝜆 (exponential) and 𝛼 and 𝜎 (gamma).

𝑓(𝑐𝑖𝑗, 𝛽)𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 = {𝜆𝑒−𝜆⋅𝑐𝑖𝑗 for 𝑐𝑖𝑗 ≥ 0
0 for 𝑐𝑖𝑗 < 0 (4)

𝑓(𝑐𝑖𝑗)𝑔𝑎𝑚𝑚𝑎 = {
1

𝜎𝛼Γ(𝛼)𝑐𝛼−1
𝑖𝑗 ⋅ 𝑒−𝑐𝑖𝑗/𝜎 for 0 ≤ 𝑐𝑖𝑗 < ∞; 𝛼, 𝜎 > 0

0 otherwise
(5)

For the exponential distribution, the probability of a trip occurring is always highest at the lowest
value of travel cost (e.g., a trip that has a travel cost of 1 has a higher probability density than a trip
with a travel cost of 10). The 𝜆 mediates the rate of the exponential curve; specifically, the higher
the 𝜆 parameter value, the higher the rate of travel cost decay. So at a 𝜆 value that is large, the
majority of trips occur within a smaller 𝑐𝑖𝑗 range than if the 𝜆 was a smaller value. Though the
exponential distribution is more complex than the uniform, it allows the analyst to model travel
behaviour without having to select a binary threshold beyond which opportunities are no longer
counted.

Consider another situation: if the probability of a trip occurring is not always highest at the lowest
value of travel cost, then the gamma distribution can be considered. In fact, for the gamma
distribution, the probability is often low at low costs, higher at mid-costs, and low again at high
costs. The 𝜎 and 𝛼 parameters controls the rate and shape of the gamma curve. The higher the
𝜎 (gamma rate) parameter, the higher the probability of the majority of trips occurring within a
low travel cost range. So at low 𝜎 (gamma rate) parameter values, the same probability is spread
across a larger range of travel costs. For the 𝛼 (shape) parameter, the higher value, the higher
the probability density of trips with a higher mean travel cost.

Values for both 𝜎 and 𝛼 are used in the gamma distribution, so it is more complex in formulation
than the exponential. However, the gamma may be more useful in modelling specific travel
behaviour. Namely, if the population’s travel behaviour is less likely to occur at short travel times,
more likely at mid-range travel times, and less likely at long travel times, the gamma distribution
can be calibrated to match this pattern.
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This form of travel behaviour can occur within observed home-to-work commutes from
predominately single-use zoned regions: trips are less likely to occur at short travel times
for a region (as a result of single-use residential zoning), are more likely at mid-range travel
costs (commuting to a central business district), and less likely at long travel costs (few
super-commuters). Representing this travel behaviour pattern cannot be accurately captured by
the exponential distribution as short travel times should have low values of 𝑓(𝑐𝑖𝑗). Similarly,
the use of the uniform distribution is inaccurate in this situation as it requires the analyst to
select min. and max. travel cost thresholds such that the opportunities that the short- and long-
travelling population potential interactions are not counted (i.e., returns value of 0).

These three PDF distribution forms are presented in order of increasingly complexity. As
the complexity increases, the flexibility of explaining the travel behaviour also increases. We
created an interactive R Shiny Application to experiment with the parameter values and help
conceptualize what each distribution form may mean for travel behaviour assumptions by
interpreting the “probability density of trip” (y-axis) 𝑓(𝑐𝑖𝑗) at values of travel cost (x-axis) 𝑐𝑖𝑗.
Give it a try!

AN EMPIRICAL EXAMPLE: CALIBRATING A MODEL THAT REFLECTS TRAVEL
BEHAVIOUR

In all the impedance forms presented, the analyst must define parameters. A clever technique
is to build a trip length distribution (TLD) using empirically observed origin-to-destination travel
survey data. A TLD reflects observed travel patterns: specifically, how likely an observed trip
of a certain travel cost is to occur for the population in a region of interest. Based on the TLD,
we can select the best fitting theoretical PDF forms (e.g., uniform, exponential, gamma), fit the
associated parameters (e.g., 𝑇𝑚𝑖𝑛 &𝑇𝑚𝑎𝑥, 𝜆, or𝜎 and𝛼) and use the calibrated theoretical PDF
to carry the assumptions about the population’s travel behaviour into the accessibility calculation.

Here I demonstrate an overview of calibrating a PDF for a sample of empirical home-to-work
travel flows taken from workers who live and work (full-time) within the City of Hamilton from the
R data package {TTS2016R}. The flows are aggregated at level of traffic analysis zones (TAZ).
This package contains a subset of home-to-work flows from the 2016 Transportation Tomorrow
Survey (TTS) as well as road-network car travel times from TAZ centroids (calculated using {r5r}).
{TTS2016R} is detailed in this publication (Soukhov and Páez 2023) and is freely available here.

The TLD for this empirical data is shown in Figure 1.

In our example, the y-axis 𝑓(𝑐𝑖𝑗) is the probability density of a trip at a given travel cost inminutes
of travel 𝑐𝑖𝑗. It can be observed that the probability density of a trip is highest when travel time
is around 11 minutes. It can also be seen that beyond the 30 min mark approximately, the rate
of probability density drastically decreases. So, the probability of a trip of length 0 to 30 mins
occurring is 95% (the area under the curve between these two x-value points is 0.95). Trips
outside of this range make up the remaining probability.

Now we fit the parameters of the uniform, exponential, and gamma functions (Equation 3,
Equation 4, Equation 5) as closely to the TLD captured in Figure 1. The R package {fitdistrplus}
was used to generate parameters that best fit the TLD. The moment matching estimation (MME)
fitting method and the Nelder-Mead direct optimization algorithm are used (Delignette-Muller
and Dutang 2015). The default values for the parameters of the three functions are summarised:
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Figure 1: Trip length distribution of home to full-time work trips (in estimated minutes by car) for
the City of Hamilton.

• 𝑓(𝑐𝑖𝑗)𝑢𝑛𝑖𝑓𝑜𝑟𝑚: 𝑇𝑚𝑖𝑛 and 𝑇𝑚𝑎𝑥 is 0 and 29 mins, respectively.

• 𝑓(𝑐𝑖𝑗)𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙: 𝛽 (rate) is 0.07

• 𝑓(𝑐𝑖𝑗)𝑔𝑎𝑚𝑚𝑎: 𝛼 (shape) is 3 and 𝜎 (rate) is 0.2

For curves shown in Figure 2: the higher the 𝑓(𝑐𝑖𝑗), the higher the probability density of travelling
to reach the opportunities at the destination.1

The uniform impedance function (red), when implemented into an accessibility calculation, would
assume that the population is indifferent to changes in travel cost. The population at an origin is
assumed to either totally interact with an opportunity (if it’s a trip between 0 to 29 minutes - the
𝑇 thresholds) or not interact at all.

If the exponential (green) or gamma curve (blue) was implemented in an accessibility calculation,
then the analyst is assuming the population is much more sensitive to changes in travel cost.
However, the exponential and gamma functions are quite a different shape, so they depict a
different response to the probability of traveling given a travel cost 𝑐𝑖𝑗.

The exponential curve (green) is more intuitive to understand: the shorter the travel cost 𝑐𝑖𝑗,
the higher the 𝑓(𝑐𝑖𝑗) value. However, when compared to the empirical curve (black) (i.e., the
observed travel behaviour), we can see they do not closely match. Trip lengths that are 11 mins in
length have the highest probability density of occurring and trips that are longer and shorter than
this length occur less often and are assigned decreasing 𝑓(𝑐𝑖𝑗) values. For these reasons, the

1Using {fitdistrplus}, the parameters in all theoretical functions were selected through an optimization algorithm
that minimizes the differences between all possible parameter range(s) and the empirical function for each
theoretical function.
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Figure 2: Trip length distribution (empirical) with fitted theoretical PDFs (coloured) of home to
full-time work trips for the City of Hamilton.

gamma function (blue) provides a fit that is closest to the empirical curve at the cost of a more
complex mathematical formulation.

The impedance function reflects significant assumptions about travel behaviour. The selection
of the type of function and associated parameters reflects the impedance that populations face
reaching opportunities. How the impedance function is used to explain accessibility will be
discussed in Part II.

Again, feel free to explore the parameters interactively for the uniform, exponential and gamma
distributions using the interactive Shiny R Application here.

The TLD used in this section is a subset of data from {TTS2016R}, the goodness-of-fit criteria and
diagnostics from {fitdistrplus} are used for model parameter selection, plots are generated using
{ggplot2}, and spatial objects are manipulated using {sf}, along with base {R} functions. View all
the code and text (including the interactive plot) in this GitHub repository.
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Part II: Unconstrained and constrained accessibility
Within the context of transportation planning, accessibility (or potential access) can be defined
as a measure of the amount of interaction a “population” at an origin potentially has with
“opportunities” at destinations in a given region. It is a product of the land-use and the
population’s means of transportation.

In this section, we distinguish between two types of accessibility measures: unconstrained and
constrained measures. The distinction is important to help accessibility analysts to more clearly
interpret outputs.

First, we detail unconstrained accessibility. The general form of the unconstrainedmeasure, let’s
call it 𝑆𝑖, is the measure proposed by (Hansen 1959). Many accessibility measures are derived
and continue to be derived from this proposed formulation. 𝑆𝑖 is an accessibility value that is
calculated for each spatial unit, and is appropriately termed location-based accessibility. This
value is the summation of all the 𝑂𝑗 available (i.e., reachable) at each spatial unit according to
some impedance function 𝑓(𝑐𝑖𝑗). 𝑆𝑖 is defined in Equation 6:

𝑆𝑖 =
𝐽

∑
𝑗=1

𝑂𝑗 ⋅ 𝑓(𝑐𝑖𝑗) (6)

Where:

• 𝑐𝑖𝑗 is a measure of the cost of moving between 𝑖 and 𝑗.
• 𝑓(⋅) is an impedance function of 𝑐𝑖𝑗; it can take the form of any monotonically decreasing
function chosen based on positive or normative criteria (Paez, Scott, and Morency 2012).

• 𝑖 is a set of origin locations in the region (𝑖 = 1, ⋯ , 𝑁 ).
• 𝑗 is a set of destination locations in the region(𝑗 = 1, ⋯ , 𝐽 ).
• 𝑂𝑗 is the number of opportunities at location 𝑗; 𝑂 = ∑𝐽

𝑗=1 𝑂𝑗 is the total supply of
opportunities in the study region.

Many variations of𝑆𝑖 have been proposed - but largely they focus on tweaks to the type of 𝑓(𝑐𝑖𝑗)
used. This measure counts 𝑂𝑗 (after being weighted by 𝑓(𝑐𝑖𝑗)) for each 𝑖. This means that
the score assigned to each 𝑖 is the summation of all the opportunities that can potentially be
interacted with.

In lay terms, 𝑆𝑖 is a measure of the number of opportunities that someone at 𝑖 can potentially
interact with, given their travel behaviour. However, counting all opportunities of potential
interaction may not suit certain opportunities. Consider the following hypothetical example.

One can live in a part of the city where they have relatively high accessibility 𝑆𝑖 to jobs as a
result of land-use (e.g., close to a commercial business district) and transportation options
(e.g., great roads, excellent transit). Say 𝑆𝑖 is a value of “10,000 potential job opportunities”
for a neighbourhood 𝑖. Now, imagine if their adjacent neighbourhoods have 15,000 people who
can also reach those same 10,000 job opportunities. Though they can potentially interact with
a relatively high 𝑆𝑖 value of 10,000 opportunities, they may have less available opportunities
as a result of relatively high neighbouring demand for opportunities. When compared to other
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areas of the city with relatively lower 𝑆𝑖 values but with a similar level of job opportunities and
population demand, those other areas in the city may have more potential spatial availability
than the neighbourhood where our hypothetical person lives.

This concept is formally known as competition, and has been applied within the influential
accessibility works of Shen (1998) and Weibull (1976) as well as the widely used floating
catchment areas methods (e.g., the two step floating catchment area (2SFCA) approach of
Luo and Wang (2003)). We can think of these works as adjustments to 𝑆𝑖 (unconstrained
accessibility) that account for the population’s demand for opportunities in the region of interest.

In a recently published journal article, an alternative derivation of competitive accessibility that
constrains the results tomatch known quantities in the system is proposed (Soukhov et al. 2023).
These known quantities can be the total number of opportunities or the total population in the
region under analysis. Since we constrain one of those two (opportunities or population), we
think of this measure as a singly-constrained competitive accessibility measure (𝑉𝑖).

In 𝑉𝑖, the total number of opportunities in the study region are preserved. So if a urban region
has 100,000 opportunities, at the end of the analysis, the sum of all 𝑉𝑖 values in the region is
100,000. How is this achieved? As a result of the proportional allocation feature: opportunities
are allocated proportionally to each spatial units in the region based on the relative travel
impedance and relative population density. We call this measure spatial availability which we
denote as 𝑉𝑖 to distinguish it from unconstrained accessibility 𝑆𝑖. Spatial availability and its
mathematical formulation is defined in Equation 7:

𝑉𝑖 = ∑𝑁
𝑗=1 𝑂𝑗𝐹 𝑡

𝑖𝑗

Where: 𝐹 𝑡
𝑖𝑗 = 𝐹 𝑝

𝑖 ⋅𝐹 𝑐
𝑖𝑗

∑𝑁
𝑖=1 𝐹 𝑝

𝑖 ⋅𝐹 𝑐
𝑖𝑗

(7)

Where 𝑉𝑖 contains the opportunities, just as in the unconstrained accessibility measure 𝑆𝑖,
but the allocation depends on balancing factor 𝐹 𝑡

𝑖𝑗. The sum of of 𝐹 𝑡
𝑖𝑗 in the region adds

up to 1, which is how the sum of the spatial availability is equal to the sum of 𝑂𝑗. Revising
our hypothetical example of a urban region with 100,000 opportunities: it can be understood
that both measures (𝑆𝑖 and 𝑉𝑖) are weighted sums of opportunities, but in 𝑆𝑖 the sum of all
opportunities may be more or less than the 100,000. In contrast, thanks to the proportional
allocation balancing factors in 𝑉𝑖, the sum of 𝑉𝑖 values across the region is constrained to equal
100,00 opportunities.

For additional context, within 𝑉𝑖:

• 𝐹 𝑡
𝑖𝑗 is a balancing factor defined the population balancing factor (𝐹 𝑝

𝑖 = 𝑃𝑖
∑𝑁

𝑖=1 𝑃𝑖
) and

travel impedance balancing factor (𝐹 𝑐
𝑖𝑗 = 𝑓(𝑐𝑖𝑗)

∑𝑁
𝑖=1 𝑓(𝑐𝑖𝑗))

The balancing factor 𝐹 𝑝
𝑖 corresponds to the proportion of the population in origin 𝑖 relative to

the population in the region. On the right hand side of the equation, the numerator 𝑃𝑖 is the
population in neighbourhood 𝑖. The summation in the denominator is over 𝑖 = 1, ⋯ , 𝑁 , and
adds up to the total population of the region under analysis. What does this mean practically? It
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means, neighbourhoods with a higher density of people get allocated more opportunities (i.e., a
larger 𝐹 𝑝

𝑖 value), and less population dense neighborhoods get allocated smaller amounts. This
measure is sensitive to demand: more people who are seeking opportunities get allocated more
opportunities.

The second balancing factor, 𝐹 𝑐
𝑖𝑗 is the travel impedance balancing factor. It uses the impedance

function (i.e., probability of travel given travel costs) to proportionally allocatemore opportunities
to neighbourhoods that are closer to (or contain) a higher density of opportunities. That is,
this balancing factor assumes that populations within neighbourhoods that have lower travel
impedance (less costly travel) to opportunities are more willing to take these opportunities,
resulting in a higher value of 𝐹 𝑐

𝑖𝑗 for the neighbourhood. Indeed, the travel cost balancing factor
can be thought of as the proportion of the population at an ‘origin’ neighbourhood 𝑖 willing
to travel to a ‘destination’ neighbourhood 𝑗, conditional on the travel behavior as described
by the impedance function. What does this mean practically? It means, the higher the 𝐹 𝑐

𝑖𝑗
for a neighbourhood, the more opportunities get allocated to this neighbourhood than other
neighbourhoods.

Overall, 𝑆𝑖 and 𝑉𝑖 can be complex to understand - but the outputs may clarify their intuition.
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DIFFERENCES IN UNCONSTRAINED AND CONSTRAINED ACCESSIBILITY

For this demonstration, unconstrained and constrained accessibility are calculated using data
taken from the R data package {TTS0216R}. This package contains a subset of home to work
(full-time) flows from the 2016 Transportation Tomorrow Survey (TTS) as well as travel time by
car calculated using {r5r}. {TTS2016R} is detailed in this publication (Soukhov and Páez 2023)
and is freely available to be explored here. The focus of this demonstration is the City of Hamilton,
Canada, a city approximately 70 km south-west of Toronto, and within the TTS survey area.

A calibrated gamma distribution probability density function serves as the impedance function
for the analysis and is shown in Figure 3 (𝛼 (shape) is 3 and 𝜎 (rate) is 0.2). The data set
and parameters were fit using the empirical data and discussed in Part I. As a refresher, a
gamma distribution form was selected as it best fits the sample of home to full-time work trips
beginning and ending in the City of Hamilton. The values along the y-axis can be interpreted
as the probability density of a trip at a certain travel time 𝑐𝑖𝑗 of occurring i.e., trips of length 9
minutes are the most likely to occur and hence are assigned the highest relative 𝑓(𝑐𝑖𝑗) value.

0.00

0.02

0.04

0.06

0 10 20 30 40 50
cij

f(c
ij)

Figure 3: The fitted theoretical gamma distribution travel impedance function of home-to-work trips
(in estimated minutes by car) for the City of Hamilton.

The {accessibility} package is used to conveniently calculate unconstrained accessibility 𝑆𝑖
(Equation 6) and singly-constrained competitive accessibility 𝑉𝑖 (Equation 7). The resulting 𝑆𝑖
(Purples) and 𝑉𝑖 (Greens) are shown in Figure 4. Both measures reflect potential interaction with
jobs based on empirical home-to-work travel behaviour in Hamilton: people who reside in each
spatial unit make certain trips to other spatial units (in Hamilton) and these trips have a certain
travel time (travel cost 𝑐𝑖𝑗) with associated gamma impedance 𝑓(𝑐𝑖𝑗 value. These observed
trip patterns inform the calculated 𝑆𝑖 and 𝑉𝑖 values for each spatial unit. What’s notable is the
difference in the magnitude and the interpretation of unconstrained (𝑆𝑖) and constrained (𝑉𝑖)
values.
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Figure 4: The unconstrained (Si) and constrained (Vi) accessibility (a.k.a. spatial availability) scores
for the City of Hamilton. Calculated using an empirically calibrated gamma distribution travel
impedance function.

Looking at the left plot 𝑆𝑖 in Figure 4, the values reflect the sum of jobs that can be potentially
interacted with by the population at each 𝑖 multiplied by their probability of being reached as
informed by the calculated travel impedance 𝑓(𝑐𝑖𝑗) value. The maximum 𝑆𝑖 value is the darkest
purple, and that value means that people who reside in those spatial units have the lowest travel
impedance and highest concentration of potential job interaction for the region. The value itself
does not have a specific meaning as it is just the sum of ‘weighted’ jobs: it can be interpreted as
a relative score of potential interaction based on the observed trip patterns of people who reside
in the City. For instance, areas within the centre of Hamilton have the highest values, this is both
where jobs are largely clustered as well as major roadways (highways are pictured) and denser
street networks.

Now looking at the right plot 𝑉𝑖 (constrained) in Figure 4, the values reflect the sum of the
proportionally allocated (based on travel impedance and population) potential job interactions. In
other words, each value of 𝑉𝑖 is the number of jobs that the spatial unit 𝑖 can interact with based
on the observed tripsmade from that spatial unit’s impedance values relative to how others in the
region can interact with the jobs. Unlike 𝑆𝑖, the raw values of 𝑉𝑖 do have a meaning in addition to
being a relative score of competitive potential job interactions. This score reflects the potential
availability of jobs: potential job interactions are less likely to occur if the concentration of jobs
is low and the density of people interacting with those jobs are high. So as we can observe in
the plot, 𝑉𝑖 considers population demand, and as the centre of Hamilton is the most densely
populated area in the city, the centre does not share the same intensity of trend as 𝑆𝑖.

The 𝑉𝑖 value in itself is also meaningful. 𝑉𝑖 values communicates the number of potentially
available job interactions per each spatial unit 𝑖 out of all the jobs in the region. If all 𝑉𝑖 values
are added together, the sum equals 108,526 - the total number of jobs taken by people who
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live and work (full-time) within the City from the data set. So in the most green spatial unit,
3,160 potentially available job interactions can occur out of the total 108,526 jobs. Again, 𝑉𝑖
is produced through proportional allocation, the total number of jobs is divided up and assigned
to each spatial unit based on the impedance to reach jobs and the population who also interact
with these potential opportunities.

To more equally compare 𝑆𝑖 and 𝑉𝑖 and make sense of the ‘highs’ and ‘lows’, it may be useful to
standardise the values onto a similar scale. In Figure 5, the values as presented as a percentage
of the regional sum (i.e., a % of the sum of all 𝑆𝑖 values and the % of the sum of all 𝑉𝑖 values) are
visualized for the centre of Hamilton.

N

0 1 2 4 km

N

0 1 2 4 km

Si Vi

% of total potential job interactions in the region
**out of 122919 for Si and 108526 for Vi

>0.4% 0.6% 0.8% 1.0% 1.2% 1.4% 1.6% <1.8% Missing

Figure 5: Scaled unconstrained (Si) and constrained (Vi) accessibility scores for Hamilton Centre.
Values are presented as a percentage of the total sum of scores within the City of Hamilton. Major
highways are shown in purple for spatial reference. Values are calculated using an empirically
calibrated gamma distribution travel impedance function.

Examining 𝑆𝑖 (left plot) in Figure 5: unconstrained accessibility. Neighbourhoods with ‘high’
accessibility (e.g., greens, that start at 1.3% relative values or higher) can potentially interact with
1417 jobs or more as informed by observed travel behaviour. These raw values are difficult to
interpret, so seeing a neighbourhood as being an area of relative ‘high’, ‘medium’ (yellows) or
‘low’ (reds) accessibility value simplifies the interpretation of ‘potential interaction’ with jobs; as
long as we ignore competition.

Examining the plot on the right side in Figure 5, visuals 𝑉𝑖 spatial availability. This measure does
not ignore competition for potential job interaction. The general trend between both plots are
similar, but a handful of spatial units that are more intensely green or red/orange can be seen.
These differences are a result of competition. Within this region, spatial units that are more
densely populated as well as having below average travel impedance have higher standardized
𝑉𝑖 values than 𝑆𝑖 values. Conversely, below average population and above average travel
impedance yields spatial availability 𝑉𝑖 values that are lower than 𝑆𝑖.
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In essence, 𝑉𝑖 reflects travel impedance like 𝑆𝑖 does, but it also considers competition. Spatial
units with orange/green 𝑆𝑖 that have red 𝑉𝑖 are a cause for concern: they likely have low travel
impedance but high competition that makes their 𝑉𝑖 relatively low. Conversely, spatial units
with orange/red 𝑆𝑖 that have green 𝑉𝑖 have high travel impedance but low competition for their
opportunities so their spatial availability of jobsmay in fact be alright. Spatial availability adds an
additional layer of consideration into the accessibility measure, and as such, reveals more about
the region (under the travel behaviour and opportunity accessed assumptions).

Across both𝑆𝑖 and𝑉𝑖 in Figure 5, we can see some common low values (red) located in the north
end of the city. From unconstrained accessibility, we know these TAZ have high relative travel
impedance - this may be because people who work in the north end do not live relatively close to
these opportunities so have high relative travel times. Interestingly though, we can confirm that
there is a high relative number of jobs within these TAZ (see Figure 6 below), however, even the
number of jobs does not balance the impedance value and higher demand for those jobs. Hence,
the constrained accessibility measure is also low.
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Figure 6: The number of workers and jobs in Hamilton Center. Note: only workers who reside and
workwithin Hamilton Center are considered in the accessibility calculations for this demonstration.

CONCLUDING REMARKS

Accessibility is a unique measure that characterises the relationship between land-use (where
populations reside and the opportunities they can interactwith) in addition to transportation travel
impedance. How the relationship is conceptualization (i.e., if there’s competition or not) and how
the travel impedance is calibrated (i.e., what function describes travel behaviour) are critical in
determining what the final values are and how to interpret them.

In this section, we outlined two branches of accessibility measures: unconstrained (𝑆𝑖 in this
case) and constrained (spatial availability 𝑉𝑖). Unconstrained accessibility only considers
opportunities that could be interacted with while constrained considers both those opportunities
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and the demand for those opportunities in addition to having that property of proportional
allocation. This property allows the raw values of 𝑉𝑖 to be interpreted without any sort of
transformation or standardizing; 𝑉𝑖 is simply the number of opportunities that can be potentially
interacted with out of all opportunities in the region.

𝑉𝑖 provides insights that 𝑆𝑖 does not. Firstly, it considers considers competition from demand.
Secondly, it does not need to be standardized to be understood. These two insights are important:

• Considering competition: places of employment are a non-divisible type of opportunity,
they only allow one person to take one job. Unless there’s a reason to not consider
competition, measuring access to opportunities that have some capacity using an
unconstrained measure 𝑆𝑖 does not make much theoretical sense; this will be explored in
subsequent report(s).

• Interpretation: a spatial unit has a certain number of 𝑉𝑖, opportunities that are spatially
available for interaction. We can tangibly interpret if that’s high or low (out of the total
number of opportunities). Further, we can also divide 𝑉𝑖 by population at that origin to
obtain opportunity per capita values. This value can be used as a benchmark to compare
opportunity per capita or levels of service across areas of the region, between regions,
and/or across time; again, this will be explored in subsequent report(s).

Ultimately, unconstrained accessibility 𝑆𝑖 tells you how many opportunities can be potentially
reached. Spatial availability 𝑉𝑖 tells you how many opportunities are available based on how
many can be potentially reached and demanded.

Accessibility analysis sheds light on regions of inequitable potential access. Assumptions on
what region to analyse, what population and opportunities are the subject of analysis, the travel
cost unit and calculation, the impedance function and the measure used all impact the final
results. But ultimately, the output represents the number of opportunities that could potentially
be reached from each origin. It is critical that the assumptions embedded within each step of
analysis are understood so that the final value can be interpreted and inequities be identified.

Once these spatial inequities have been identified - what do we do about it? That is the subject
for future sections.

Openness is legitimacy: this report was written in a R environment and can be fully reproduced
from thematerials available at this GitHub (repository). If interested, see the open access PDF of
the full article (which includes the mathematical formulation for the spatial availability function)
in the references (Soukhov et al. 2023).

The data used in this section is a subset of data from {TTS2016R}, the plots are created using
{tmap}, and spatial objects are manipulated using {sf}, along with base {R} functions.
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